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Abstract 

I propose a scheme for reconstructing the weak value of an observable without the 
need for weak measurements. The post-selection in weak measurements is replaced 
by an initial projector measurement. The observable can be measured using any form 
of interaction, including projective measurements. The reconstruction is effected 
by measuring the change in the expectation value of the observable due to the 
projector measurement. The weak value may take nonclassical values if the projector 
measurement disturbs the expectation value of the observable. 

Key words: Weak values, projective measurements, projection postulate, 
nonclassicality, weak measurements 
PACS: 03.65.Ta 



1 Introduction 



A weak measurement is achieved either by using a measurement probe with 
a large uncertainty or by employing a weak measurement interaction [2J. 
By weakening the interaction, one may obtain an arbitrarily small perturba- 
tion of the system state. Aharonov, Albert and Vaidman (AAV) |1] considered 
an experimental scheme where the weak measurement is followed by a pro- 
jector measurement, usually called a post-selection. The average of a weak 
measurement of an observable B conditioned on a post-selection represented 
by a projector = Pa can be expressed as the real part of a complex "weak 
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value" [HE] 



TrpPaB 



(1) 



AAV came to the surprising conclusion that this average may take values out- 
side the eigenvalue range. The theory predicts effects such as a negative kinetic 
energy [1], negative photon number p5] and negative probabilities |5ll6lf7] for 
suitably chosen sub-ensembles. The theory of weak measurements has been ap- 
plied in a number of areas (for a review see Ref . p] ) , and it has been confirmed 
in experiments involving classical intense laser beams [9|IT0] . anomalous pulse 
propagation pnil2lll3] . the quantum box problem P^fT] and single photons 



Weak values are generally considered to be an artifact of weak measurements 
with post-selection. Steps towards generalizing the application of weak values 
to more general types of measurements have been made in Refs. [8] and |17j . 
However, it is not known whether weak values can have an operational sig- 
nificance e.g. in projective measurements. In this Letter, I will demonstrate 
that weak values may be reconstructed from an initial projector measurement 
followed by a measurement of the observable. The measurement of the ob- 
servable may take any form as long as it reproduces expectation values. It 
could be e.g. a projective measurement or a weak measurement. The projec- 
tor measurement disturbs the subsequent measurement of the observable. The 
reconstruction relies on measuring the change in the expectation value of the 
observable due to the projector measurement. The imaginary part of the weak 
value is reconstructed by measuring this change relative to a state that has 
been subjected to a selective phase rotation of tt/2. 



2 Reconstruction of weak values 

In weak measurements with post-selection, the post-selection operation is rep- 
resented by a projection operator = Pa- In this Letter we propose a mea- 
surement scheme where this projector measurement is performed first. A pro- 
jective measurement of this projector is a binary experiment with only two 
possible outcomes: yes or no. According to the von Neumann-Liiders projec- 
tion postulate jl8|19j . the result of a selective projector measurement is 



PapPc 



a 



a 



(2) 
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This state is represented by a sub-ensemble of the initially prepared ensemble. 
For a rank-one projector Pa = {a) {a\ the selective state is independent of the 
initial preparation p and equals = \a) {a\. 

If the outcome of the projector measurement is disregarded, the state is also 
changed. This nonselective state is [T8p9] . 

p: = PapPa + il-Pa)pil-Pa)- (3) 



This state is represented by the complete initially prepared ensemble. 

We now calculate the expectation value of the observable B on the nonselective 
state p". We expand the r.h.s. of Eq. ([3]), multiply both sides by B and take 
the trace of both sides. After division by TipPa and rearranging of terms we 
arrive at the expression 

ReBM = Trp:5 + • (4) 

2 TrpP„ 



This expresses the real part of the weak value in terms of the expectation value 
of B on the selective state plus a term which is proportional to the change 
in the expectation value of the observable B due to the initial nonselective 
projector measurement. 

The first term on the r.h.s. is bounded by the eigenvalue spectrum. Therefore, 
the weak value can only exceed the eigenvalue spectrum if the last term on the 
r.h.s. is non-vanishing, which requires the expectation value of the observable 
]3 to be different on the original state p than on the nonselective state p". 

All terms on the r.h.s. can be measured directly. Measurements must be per- 
formed on two identically prepared sub-ensembles. One sub-ensemble is sub- 
jected only to a measurement of 13. The other sub-ensemble is subjected to 
a measurement of Pa followed by a measurement of B. The measurements of 
B may be of any form. It could e.g. be a projective measurement or a weak 
measurement. 

A case of particular interest is when also the observable 5 is a projector, B = 
Pi,. In this case, the first term on the r.h.s. of Eq. (jl]) is a probability between 
and 1. The "weak probability" [SIISIIT] on the l.h.s. may exceed the classical 
range only if an intervening measurement of Pa disturbs the probability of Pf,. 
This gives an intuitively pleasing picture of the connection between extended 
quasi-probabilities in quantum mechanics and measurement disturbance. An 
early attempt at relating extended probabilities to measurement disturbance 
was made by Prugovecki [20] . 
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In order to be able to reconstruct also the imaginary part of the weak value, 
we introduce the unitary operator 



Rt = l + {e''^ - l)Pa. (5) 



It is easily checked that R^Pa = ^^^Pa, whereas -Rf A = A for any projector 
Pb orthogonal to Pa- The operator i?^ imparts a phase change only on the 
projector P^, but does not change any other orthogonal projectors. We shall 
therefore refer to Pa as a selective phase rotation operator. It can be imple- 
mented at time to e.g. by adding to the Hamiltonian a term —(f)6{t — to)Pa- 
The state after an arbitrary selective phase rotation is = Rfp{Rfy . 

We may note that the nonselective post-measurement density operator ([3]) 
may be written as 

Pa = ^ (P + P^) . (6) 



This is a classical mixture of the initial state and the state where the phase of 
the vector corresponding to the measured projector has been flipped. This is 
the well known phase-randomization or decoherence which is associated with 
nonselective measurements. 

It can be shown that the imaginary part of the weak value may be recon- 
structed by subjecting a third sub-ensemble to a selective phase-rotation i?f . 
In fact, this works for any phase angle except and tt, but the simplest 
result is obtained for the angle 7r/2, for which we get 



This expression suggests a way of reconstructing the imaginary part of the 
weak value. It requires two different state preparations. One where the system 
is subjected to a nonselective projector measurement, the other where it is 
subjected to a selective phase rotation of tt/2. If there is a difference in the 
expectation value of B on these two systems, the imaginary part of the weak 
value is non-vanishing. 

In the particular case where the observable 13 is also a projector, B = P/,, 
the imaginary quasi-probability on the l.h.s. is non- vanishing if and only if an 
intervening measurement of Pa disturbs the probability of Pb, but with respect 
to the probability of Pb on a state that has been subjected to a selective phase 
rotation of tt/2. This shows that there is a close connection between between 
imaginary quasi-probabilities and measurement disturbance. 
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3 Conclusion 



We have shown that weak values may be reconstructed from a system sub- 
jected to an initial projector measurement followed by a measurement of the 
observable. Whereas the initial projector measurement is a projective mea- 
surement in the same manner as the post-selection in weak measurements, 
the observable itself can be measured using any form of interaction. The weak 
value is reconstructed by measuring the expectation value of the observable 
with and without a preceding projector measurement. This opens the possi- 
bility of verifying the strange predictions of the theory of weak values without 
the need for weak measurements. In this way, one may avoid the the large 
experimental inaccuracy and the specific interaction on which weak measure- 
ments is grounded. We found that nonclassical weak values, i.e. a real part 
exceeding the eigenvalue range or a non- vanishing imaginary part, are both 
directly related to a finite measurement disturbance in this setting. 
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